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ABSTRACT. The paper is concerned with the uniqueness of solutions
to non-well-posed hyperbolic boundary value problems. Both regular and
singular boundary value problems are considered. For the singular problem
a class of boundary conditions is considered that has not appeared in the
literature before in connection with this problem.

1. Introduction. It is well known that the Dirichlet problem for hyper-
bolic equations does not in general constitute a well-posed problem. In the case
of the one-dimensional wave equation u,, —u,, = 0, for example, Bourgin and
Duffin [2] have shown that uniqueness to the Dirichlet problem for a rectangle
with sides parallel to the coordinate axis holds if and only if the ratio of the
sides of the rectangle is an irrational number. The Dirichlet problem for the
one-dimensional wave equation has also been considered by Picone [9], John [8],
and Fox and Pucci [7]. Dunninger and Zachmanoglou have extended the
result to n-dimensional wave equations [5], and to more general hyperbolic
equations in cylindrical domains [6]. Similar results for the Neumann problem
for the n-dimensional wave equation have been obtained by Sigillito [10]. The
result has been extended to ultrahyperbolic equations by Diaz and Young [3],
and to singular hyperbolic equations by Young [11], and Dunninger and Weinacht
[4]. Recently, Abdul-Latif and Diaz [1] have given a geometric proof of the
original one-dimensional Bourgin and Duffin result under more general Dirichlet-
Neumann boundary conditions.

In all of the above papers, with the exception of Abdul-Latif and Diaz,
the basic technique of proof is the same. An energy integral argument is used
along with the fact that a certain class of eigenfunctions forms a complete set.
We wish to present a proof which we believe is more direct, and at the same
time demonstrates the close relationship between uniqueness results for hyper-
bolic boundary value problems and the Fredholm alternative. This method of
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proof also allows for much more general boundary conditions than have been
previously considered. However, the primary benefit of this new method of proof
is that it yields new insight when applied to the class of singular hyperbolic
boundary value problems considered by Young [11]. The major results in this
paper will be for this class of singular boundary value problems, but first we will
consider the regular case because of its simplicity.

2. The regular case. In order to better demonstrate the close relationship
between the Fredholm alternative and the uniqueness of solutions to hyperbolic
boundary value problems, we shall restrict our attention to the one-dimensional
wave equation

u,—u,, =f(x1 inR,
u=20 on dR,

where R = {(x, £): 0<x <@g, 0<t<b}. We assume that fEC'(R) and f=0
on oR.

In general, existence of solutions to the nonhomogeneous boundary value
problem (2.1) is difficult to establish, and still sppears to be an open question
for arbitrary £ However, since our main purpose in discussing problem (2.1) is
to demonstrate its relationship with the Fredholm alternative, we shall circumvent
the difficulties involved in establishing existence in the general case by assuming
that

@.1)

a .kl _
.[o f(x, 1) sin p xdx=0
for all but a finite number of valuesof k =1,2,3, ..

THEOREM 2.1. Problem (2.1) has a unique solution u € C*(R) if and only
if a/b is an irrational number. If a/b equals some rational number m/n, then
(2.1) has a nonunique solution if

I I i ——smn—mf(x, t)dtdx = 0.

Otherwise, problem (2.1) has no solution.

ProoF. Define
2 (a . kllx 2a . kllx
h ()= ;.[o u(x, t) sin r dx, f,(O= ;Io f(x, t) sin — dx,

fork=1,2,3,... . Then h(?) satisfies the inhomogeneous boundary value
problem

(22) hi() + I hk(t) fi@), 1 (0) = Ry (b) = 0.
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It follows from our assumptions on f(x, ¢) that if {4, ()} is a sequence of solu-
tions to (2.2) then u(x, ) = Z¢_, b, (?) sin(kTlx/a) is a twice continuously dif-
ferentiable solution of (2.1). Thus, it follows that the boundary value problem
(2.1) has a unique solution if and only if the problem (2.2) has a unique solution
fork=1,2,... .

However, problem (2.2) has a unique solution if and only if k2112/4 is not
equal to any of the eigenvalues of A"(f) + Mi(¢) = 0, h(0) = h(b) = O, that is, if
and only if k211%/a® # n?N%/b%, fork=1,2,...,andn=1,2,... .

Thus, we see that problem (2.1) has a unique solution if and only if a/b is
irrational. The remainder of the proof follows directly from the Fredholm
alternative.

A similar result can be stated for the equation

Uy — il Di(aij(x)Dju) + c(x)u = f(x: t)»

ij=
u(x, 0) =u(x,a) =0 forx €G,  dufav + o(x)u = 00n G x [0,4d].

However, we shall forego this extension and instead concentrate on an extension
to a class of singular hyperbolic boundary value problems. First we need to
establish some results about singular boundary value problems for ordinary
differential equations.

3. Some preliminary results. Consider the homogeneous equation

@3.1) - +q@®p =2s(t)p, 0<t<a,
where the point a is a regular endpoint and the point zero is a singular endpoint,
that is p(0) = 0. A solution of (3.1) that satisfies

(32) j : SOl dt < oo,

is said to have finite S norm over (0, @). The fundamental result concerning
singular differential equations was obtained by H. Weyl.

WEYL’S THEOREM. Let a be a regular point and 0 a singular point of
equation (3.1).

(i) If for some particular value of \ every solution of (3.1) is of finite S
norm over (0, a), then for any other value of \, every solution is again of finite
S norm over (0, a).

(ii) For every X\ with Im X\ # 0, there exists at least one solution of finite
S norm over (0, a).

We say that we have the limit circle case at 0 when all solutions are of
finite S norm over (0, @). We have the limit point case at 0 when for some Im A
# 0 there is exactly one solution of finite S norm over (0, a).
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We shall now consider the equation
(33) ) + =0 in0<t<a

The point ¢ = 0 is singular, and for A = 0 we find that ¢,(f) = 1 and ¢,(¥) =
t'* are independent solutions of (3.3). Clearly, f%#*|p,(#)I* dt < = if and only
if -1 <k and f“‘,t" l¢,(£)I? dt < oo if and only if k < 3. Thus, for equation
(3.3) we have the limit circle case at # = 0 if and only if —1 <% < 3; otherwise,
we have the limit point case. We shall consider the limit point case first. If we
impose the boundary condition ¢(a) = O at the regular point 4, and the boundary
condition f‘(’)t" |¢(£)|? dt < oo at the singular point, we are led to the singular
eigenvalue problem

) +*np =0, 0<t<a,
(34)
a4 K 2 —
jb lo)2dt < %, ¢(@) = 0.

In general, a singular eigenvalue problem in the limit point case, like (3.4),
can have both a continuous spectrum and a point spectrum, or it can have a con-
tinuous spectrum and no point spectrum, or it can have a pure point spectrum.

However, for equation (3.4) we have the following result.

THEOREM 3.1. For k & (-1, 3), the singular eigenvalue problem (3.4) has
a pure point spectrum and the eigenfunctions form a complete orthonormal set
with weight function t*.

ProorF. It is not difficult to verify that for 3<k

@* -7/ -k) forg<y,

G(t, §) =
@* -7/ k) fort<g

and for k < -1

g1*@EF - AR - k)T for <,
G@t, &) = - _
1% @ * — 170y (1 - ket * for <&

are the Green’s functions associated with the operator Ly = —(t*¢")’, f2¢*|¢()| dt
< oo, ¢(a) = 0. The singular eigenvalue problem (3.4) can thus be translated into
the integral equation

o) =1 | 66, Do

or

w@® = | K DU d
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where u = 1/, ¥(t) = */2¢(t), K(@t, £) = t*/2G(z, £EF/?. 1t is easily verified
that f% f2IK(¢, £)I2 dtdg < eo. Thus K(¢, £) is a real symmetric Hilbert-Schmidt
kernel, and it follows that the singular eigenvalue problem (3.4) has only point
spectrum and that the eigenfunctions form a complete orthonormal set with
weight ¥

COROLLARY 3.2. If f(t) has finite t* norm over (0, a), where k & (-1, 3),
then the Fredholm alternative holds for the singular equation

(t*8") + M*o = 1 (1), j: 1612 dt < oo, ¢(@a) = 0.

We shall now treat the limit circle case. If we define
(3.5) W(u, v; £) =uw' = u'v,

then it is known that every solution in the limit circle case satisfies the condition
lim,_, o+ t*W(u, u; £) = 0. Thus, we are led to consider the problem

(3.6 %oy + Mo =0, lim *W(p, E 1) =0, ¢@)=0,
ot

where £(t, A,) is a possibly complex-valued solution of (£¥¢")’ + Ayt*t =0
satisfying lim_ 4+ t*W(E, & t) = 0. It is well known that the limit circle case
with the above boundary conditions always leads to a pure point spectrum and
that the eigenfunctions form a complete orthonormal set with weight £*.

COROLLARY 3.3. If f(¢) has finite t* norm over (0, a), where —1 < k < 3,
then the Fredholm alternative holds for the singular equation

(¢ + Mo = 1), lim W, En=0, ¢@)=0.
=0

4. The singular case. In this section we shall investigate the uniqueness of
solutions to the singular hyperbolic boundary value problem

u, + P Z D (a,l(x)D w)+ c(x)u=
@.1) b=
ux, 0) =u(x,a)=0 forxE€EG, du/ow+o(xu=0 ondG x [0, 4],

where k is a real parameter, —co <k <o, We assume x = (x, X5, ..., X )

represents a point in £” and g, () is of class C'in a domain D = {(x, {): x EG;

0<t<a}whereGisa bounded regular domain in E”. It is also assumed that

¢(x) is continuous, a a;; = a;;, and that the principal part of equation (3.1) is

uniformly elliptic, i.e., Ta;(x)£; > ulgl> (u > 0) for all n-tuples £ = (¢, &,,
.» §,). We shall denote by b/av the transverse derivative defined by
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2 i a;(x) cos(v; x;) 2
ov =1 iy it axi ’
where v is the exterior normal to 9G.

Equation (4.1) is a generalization of the well. known Euler-Poisson-Darboux
equation which has been the object of extensive research. E. C. Young [11] has
studied boundary value problems for equation (4.1) under less general boundary
conditions than considered here. He made special notice of the cases k¥ < 0 and
0 < k. We shall demonstrate that the two important cases are k¥ € (-1, 3) and
k & (-1, 3). It should be pointed out that the results obtained in this section
are new even in the case ¥ = 0, where they extend [2], [6], [7] by considering
more general boundary conditions.

THEOREM 4.1. Ifk ¢ (-1, 3) and u € C*(G x (0, a)) is a solution of

+ TUp Z D (a;(x)D;u) + c(x)u =

i,j=1

42) dufov + a(x)u =0 on 3G x (0, a),
j: Flulx, HI2dt <o, u(x,a)=0 forx€G

then u = 0 if and only if
4.3) Ji1-k12 VA8 #0

where Jp(z) is the Bessel’s function of the first kind of order p, and \,, are the
positive eigenvalues of the elliptic eigenvalue problem

- Z Da;(x)Dj¥) + c(x)y =Ny in G
l,]—

“4)
/v +o()W =0 on dG.

PrOOF. Suppose there exists a positive eigenvalue A, of the elliptic eigen-
value problem (4.4) such that J);_4, /2(\/)—\;(1) = 0. Let y,(x) be the normalized
eigenfunction corresponding to A,,. Then the function

w(x, t) = t(l—k),z-]u_k”z(\/x;t)‘pn(x)

is a nontrivial solution to the problem (4.2).

Conversely, suppose that condition (4.3) holds and that there exists a non-
trivial solution u(x, ¢) of the hyperbolic boundary value problem (4.2). Let
{¥x)} and {¢j(t)} be the normalized eigenfunctions of problems (4.4) and (3.4),
respectively. Then, the set {\lli(x)rpj(t)} is a complete orthonormal set for the
Hilbert space



SOLUTIONS TO HYPERBOLIC BOUNDARY VALUE PROBLEMS 333

H= {f: G x (0,a) = R! f: sz"ﬁ(x, Hdxdt < oo}.

The continuity assumptions on u and the fact that u satisfies the integral boundary
condition in (4.2) imply that ¥ € H. Thus, we can write

oo

4.5) u(x, t) = Z Otijllli(x)tﬁj(t)
ij=1
where a;; = [0/ *u(x, )Y (x)¢;(r)dx dt, and the convergence in (4.5) is under-
stood to be in the mean.
Now, define h(f) = [qu(x, )Y (x)dx. Then h(t) satisfies the differential
equation

(4.6) (n@e) + \t*n®H =0, h@)=0,

where A; is the eigenvalue of problem (4.4) corresponding to ¥, (x). To see what
boundary condition #,(t) satisfies at # = 0 notice that since h,(¢) is the Fourier
coefficient of u(x, t), by Parseval’s identity we have f‘(’,tkh,?(t)dt = 2;":1 lcx,.,-l2 <
. Thus, by Corollary 3.2, equation (4.6) has only the trivial solution if A, is
not equal to any of the eigenvalues of

@7 R MR =0, [ FR@Od <=, h@)=o0.

However, the eigenvalues of problem (4.7) are the roots to the equation
1=k /2(\/7_\a) = 0. Thus, equation (4.6) has only the trivial solution when
J11-x1)20/A@) # 0. Tt follows that [ u(x, £)Y(x)dx = 0 for 0 < t < g, which
implies that u(x, £) = 0 since {Y;(x)} is a complete orthonormal set in L*(G)
and u(x, ¢) is continuous in G x (0, a).

REMARKS. It can be shown that when k < —1, problem (4.2) is equivalent
to

k n
U T 77U~ Z

i,j=
4.8) du/ov + o(x)u =0 on 3G x (0, a),
u(x, 0) =u(x,a) =0 forx€G.

D,.(aij(x)Diu) +c(x)u =0,
1

THEOREM 4.2. Assume —1 <k < 3 and that u € C*(G x (0, @) is a
solution of
k n
u, + T4 iz_l D(a;(x)D;u) + c(x)u = 0,
@.9) g
oufov + o(x)u =0 on 3G x (0, a);
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(4.10) lim *Wux,.), =0, ulx a)=0frx€EG,

ot
where W(:, *, t) is defined by (3.5) and &(t, N,) is a possibly complex-valued solu-
tion of (t*¢') + Ngt*t = 0 satisfying lim,_ o4 t*W(E &) =0. Thenu=0if
and only if I, # \,,, where I, and X, are the eigenvalues of the eigenvalue
problems (3.6) and (4.4), respectively.

The proof is similar to that of Theorem 4.1 and will be omitted.
REMARKS. The solution

—14+A4t'7% fork #1,
4.11) (0=

-1+ Aint fork=1,
of the equation (*¢")' = O satisfies the condition lim 0+ t*W(, E ) = 0 if and
only if A is real, For this choice of £(¢), the boundary condition (4.10) at ¢ = 0
becomes
lim_ [(1 - K)u(x, 1) = A F = Difu(x, ] =0 fork #1,
-0

lim [Au(x, t) — (Aint — Dtu,(x, H] =0 fork =1.
o7

Each different choice of the real constant A yields a different boundary condition
for the boundary value problem (4.9)—(4.10). The simplest choice is obtained
by choosing 4 = 0. Then the boundary condition at ¢ = O that is associated
with problem (4.9) is

4.12) lim t*u(x,)=0 forx€G.
t—0

We shall close by presenting without proof two results that correspond to
the Dirichlet and Neumann problems for the class of singular equations under
consideration. Notice that these results are valid for all values of k, whereas
those in [11] are not.,

THEOREM 4.3. Let u € C*(G x (0, a)) be a solution of

k n
Upy + Uy~ 2. Dya;(x)D;ju) + c(x)u =0,
i,j=1
dufov + o(x)u =0 on 3G x (0, a),

satisfying
u(x, 0) =u(x,a)=0 forx€Gifk<l1,

lu(x, 0)) <o, u(x,a)=0 forx€Gif1<k.
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Then u = 0 if and only if J;y_y, /2(\/Ta) # 0 where \; are the positive eigenvalues
of problem (4.4).

REMARKS. It should be pointed out that Theorem 1 of [11] and Theorem
3.4 are independent even in the case 0 <k < 1. Theorem 1 of [11] assumes
that u,(x, ¢) is continuous in G x [0, a], while Theorem 3.4 assumes only that
u,(x, t) is continuous in G x (0, @). It is easily shown that Theorem 1 of [11]
is false under our less stringent continuity assumptions on u,(x, f). For example,
u(x, t) = (175! 2J|1_k| /z(t) sin x is a nontrivial solution of u,, + (k/t)u, —u,,
= 0 satisfying u(0, ) = u(Il, t) = 0, and the initial condition u(x, 0) = 0. This
does not contradict Theorem 1 of [11], however, since while the solution is con-
tained in C2(G x (0, ) for any T > 0, it is not contained in C%(G x (0, T))
N C(G x [0, T]) as required by Theorem 1 of [11] because u,(x, £) = O(t™).

THEOREM 4.4. Let u € C*(G x (0, a)) be a solution of

k n
Upe T FU 2z lDi(aii(x)Di u) + clxju =0,

ij=
ou/dv + o(x)u =0 on oG x (0, a),
ux, 0)=u/x,a)=0 forx€gG,

and assume that the eigenvalues \; of problem (4.4) are positive. Then u =0 if
and only if

4.13) T +xy2VNa) # 0.

REMARKS. Condition (4.13) extends condition (26) of Theorem 3 in [11]
to negative values of k. It should be pointed out that condition (4.13) is
equivalent to

Y_u +k)/2(\/)7a) #0 ifk<l1,
J(1+k)/2(\/>;a) #0 if 1<k,

where Y, is the Bessel function of the second kind of order p.
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